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SCOPE 

In this paper we develop quasi-Newton matrix ap- 
proximations for separation problems that satisfy the 
Gibbs-Duhem equation and the zero degree homogene- 
ity of the excess properties In y, In 4, HE, and / f in  con- 
junction with the traditional secant condition. These 
matrices are important when solving separation prob- 
lems such as flash and distillation by Newtonlike meth- 
ods. There are in fact several ways in which all of this 
information can be used in updating the Jacobian ma- 
trix. Although the resulting algorithms can be shown to 
have the same theoretical rate of convergence in the 
limit, their actual problem-solving characteristics such 
as reliability and computational efficiency can be dif- 

ferent. One purpose of this research was to demon- 
strate that exploiting the Gibbs-Duhem equation is im- 
portant to  the equation solving task. Numerical results 
obtained prior to  this work (Lucia et al., 1985) have 
been found to  be  mixed, and failure to  satisfy the 
Gibbs-Duhem equation was cited as one of the causes 
for this. The second purpose of this work was to 
uncover the particular combination of secant and ther- 
modynamic information that gave good, consistent nu- 
merical results on a wide variety of small problems. We 
felt that this was an essential step before moving to  
larger problems such as distillation. 

CONCLUSIONS AND SIGNIFICANCE 

A strategy for building quasi-Newton approximations 
that satisfy the special form of Gibbs-Duhem equation 
as well as a limiting secant condition was developed. 
These thermodynamically consistent matrix approxi- 
mations were generated by a combination of iterated 
projections and the Powell symmetric Broyden (PSB) 
formula. The need and importance of exploiting parti- 
tion symmetry and the separability of the functions In y 
and In 4 were demonstrated. Numerical support was 

Correspondence concerning this paper should be addressed to Angelo Lucia. 

presented to show that this thermodynamically consis- 
tent update improves the equation solving capability of 
the hybrid method. These numerical results show that it 
outperforms traditional secant updates such as the 
Broyden and PSB formulae when used under equivalent 
conditions and that it is  often more reliable than New- 
ton’s method, especially on separation problems 
involving heterogeneous liquid phase behavior. Ex- 
tensions to the more general isobaric form of the 
Gibbs-Duhem equation, obtained by simultaneously sa- 
tisfying the Gibbs-Helmholtz equation and the special 
form of Gibbs-Duhem equation, were discussed. 
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Fundamental Thermodynamic Relationships 
In this section, we introduce the basic thermodynamic expres- 

sions that are of interest to us in equation solving. From classical 
thermodynamics it is well known that the intensive properties of 
a single phase at any temperature Tand pressure P a r e  homoge- 
neous functions of degree zero in mole-numbers. Thus, for the 
partial molar excess free energy of component i in a liquid mix- 
ture c:, application of Euler’s theorem gives, 

Modified Hybrid Approach and 
Thermodynamic Consistency 

The original hybrid approach of Lucia and Macchietto 
(1983) makes use of the following decomposition of the Jaco- 
bian matrix: 

J ( x )  = C(X) + A ( x )  (10) 

where C(x) is called the computed part and contains the readily 

part and includes the derivatives that are difficult and/or expen- 
sive to obtain. 

I n  order to generate quasi-Newton approximations to the 
Jacobian matrix that exploit the Gibbs-Duhem equations and 
the zero degree homogeneity conditions simultaneously, we 
must use the following decomposition: 

i,(eG:/ai,) = 0, i = I ,  2, . . . , n,. 
J available partial derivatives. A (x) is called the approximated 

This expression can be restated in terms of the activity coetfi- 
cient as, 

1 /,(a In r,/ai,) = 0, i = I ,  2 , .  . . , n,. (2) 
I 

Also, the continuity of the second derivatives of the total excess 
free energy of a liquid mixture gives the following symmetric 
relationship, 

(a In yi/alj) = (a In Tj/al i ) ,  

i = 1, 2, . . . , n,, j = I ,  2, . . . , n,. (3)  

Substitution of Eq. 3 in Eq. 2 results in the special form of the 
Gibbs-Duhem equation. 

A similar set of expressions can be derived for the fugacity coef- 
ficient of any component in the vapor phase. These rclationships 
are summarized below: 

J ( x )  = C,(x) + C*(x)A(x) .  (11) 

Here C, (x) corresponds to C(x) in the original decomposition 
and C,(x) is a diagonal matrix that is also readily available. 
A ( x )  is a modified approximated part with symmetric parti- 
tions. 

To illustrate the need for this decomposition, consider a sin- 
gle-stage QP flash problem formulated in terms of the compo- 
nent mole-numbers. The set of nonlinear model equations for 
this problem is, 

Component material balances: 

J;  - I, - u, = 0, i = 1 , 2 , .  . . , n,. 

Equilibrium equations: 

K i l i / ( F  l j )  ~ u i / ( T  uj) = 0, i = 1,2 , .  . . , n,. (13) 

(a In 4i /auJ)  = (a In 
Energy balance equation: 

i = 1 , 2  , . . . ,  n , , j = l , 2  , . . . ,  n,. (6) 

It is important to note that the above thermodynamic expres- 
sions for each phase are not dependent on the equilibrium that 
exists between the phases. 

It is also true that the molar excess enthalpies of the liquid 
and vapor phases are homogeneous functions of degree zero in 
mole numbers. Hence, 

wheref;, I ,  and ui denote the component molar flow rates in the 
feed, liquid, and vapor streams respectively. K,  is the equilib- 
rium ratio of component i, which is a function of the flash tem- 
perature T,  flash pressure P ,  and the equilibrium compositions 
of the exit streams. H,, H ,  and h are the molar enthalpies of the 
feed, liquid and vapor streams respectively. Q denotes the con- 
stant heat duty to the flash drum. 

The  vector of unknown variables is (I,, I,, . . . , In<, 
u, ,  u2,. . . , u,,,, T ) ?  The computed part C,(x) [or C(x) in the 
original decomposition] for this particular example can be found 
in the paper by Lucia (1985). The computed part C2(x) and the 
approximated part A ( x )  are given by the following equations. 
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In  summary, the following information about the modified 
approximated part is important for building a thermodynami- 
cally consistent quasi-Newton update: 

1. The overall nonsymmetric matrix A ( x )  has partitions that 
are symmetric. 

2. The matrix A (x) should satisfy the secant information to a 
reasonable accuracy, since it is well established that this condi- 
tion is essential for good numerical performance, 

3. The symmetric partitions should satisfy both the zcro- 
degree homogeneity conditions and the Gibbs-Duhem equa- 
tions. 
4. The derivatives of the excess enthalpies should also satisfy 

certain zero-degree homogeneity conditions. 
I t  is important to note that the thermodynamic constraints 

are exact and should be satisfied at  every itcration, unlike thc 
secant condition, which holds only in the limit. 

0 . . .  

0 . . .  

- re) . . .  

. . .  - ( ! ! )  

where A = - ( Z j f , ) ( d H " / d T )  - (Xjuj ) (dh"/dT) .  Note that the 
matrix A (x) contains the nonideal derivatives of the functions 
In yt, In $i, H", and h". Suppose we define the following two vec- 
tors: 

z ,  = (4 ,  12, . . . ,I"<, o,o, . . . ,o,  o)T (17) 

and 

z 2  = ( O , O ,  . . . ,o ,  V I ,  v2,. . . , V"<, O)T. (18) 

Then the following conditions are equivalent to Eqs. 2, 5 ,  8, and 
9. 

Az, = 0. (19) 

Az, = 0. (20) 

Therefore, the vectors z ,  and z2, and similarly any other linear 
combination of them, lie in the null space of A ( x ) .  Also, the 
[n, x n,] block containing the derivatives of In y is symmetric 
from Eq. 3. A similar symmetry condition holds for the other 
[n, x n,] block containing the derivatives of In $. Because the 
null space and partition symmetry conditions imply that the 
Gibbs-Duhem equation must hold, it follows that this modified 
decomposition is necessary for exploiting the Gibbs-Duhem 
equations and zero-degree homogeneity conditions. 

Thermodynamically Consistent 
Quasi-Newton Updates 

We developed quasi-Newton formulae that satisfy all four 
conditions given in the previous section in the following way. Ini- 
tially, we built partition-symmetric updates that satisfied either 
the secant condition or the thermodynamic constraints. Then w e  
used the method of iterated projections of Dennis and Schnabel 
(1979) to generate matrix approximations that satisfied thc 
thermodynamic constraints a t  each iteration as well as the se- 
cant condition toward the limit. 

Partition -symmetric secant updates 
In this section we briefly discuss the development of updates 

that satisfy only the secant condition. There are indeed several 
ways of specifying the secant condition which give rise to algo- 
rithms that have the same asymptotic rate of convergence, Q- 
superlinear. However, their numerical performances are widely 
different. Here we present some experiments done with different 
implementations and the relative merits of each update. 

Overall Secant Condition. One way of specifying the secant 
information for A ( x )  involves the definition of an overall secant 
condition (by row). Let A and A b e  the successive approxima- 
tions to A ( x ) ;  then the overall secant condition is 
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where s is the change in the variable vector between two succes- 
sive iterates. The righthand side of Eq. 21 can be specified by 
either of the following equations: 

wherey is the change in the function vector corresponding to the 
model equations between two successive iterates and f A  is the 
function vector whose derivatives are the elements of the 
approximated part [e.g., In (yt/q5J corresponding to the equilib- 
rium equations]. However, note that the secant condition given 
by Eq. 22 involves the inverse of a diagonal matrix C2. From Eq. 
15, we can see that the diagonal matrix C2 contains terms that 
are multiples of component flow rates in one of the streams. 
During the course of the iterative solution procedure, the com- 
ponent flow rates may assume negative values and it is custom- 
ary to reset these flow rates to very small positive values. Under 
these circumstances, the matrix C2 becomes near-singular and 
has an inverse that can cause numerical difficulties. This prob- 
lem can be avoided by using Eq. 23 to define the secant condi- 
tion. On the other hand, because of the way in which the deriva- 
tives of the energy balance are split it is not possible to find a 
suitable function whose derivatives are  the elements in the cor- 
responding row of A. Hence, a combination of Eqs. 22 and 23 is 
needed. The secant condition corresponding to the equilibrium 
equations can be specified according to Eq. 23; for the energy 
balance Eq. 22 can be used. 

A least-change secant update that makes use of the partition- 
symmetric structure and the above modified secant conditions 
was developed. However, this secant update gave rise to scaling 
problems that led to the prediction of incorrect null spaces when 
the thermodynamic constraints were included by the method of 
iterated projections. For example, in the case of single-stage, 
two-phase flash calculations, the corrections to the nonideal 
derivatives of one phase were exactly equal and opposite to the 
corrections to the other phase, due to the linearity of the compo- 
nent mass balances. Even in multistage liquid-vapor problems, 
this partition-symmetric secant formula updated the derivatives 
of activity and fugacity coefficients to the same order of magni- 
tude. (They usually differ by one to two orders of magnitude). 
These scaling problems in turn gave rise to consistently bad per- 
formance of the thermodynamically consistent updates. 

Completely Separable Element Functions. The following im- 
plementation alleviates the above-mentioned difficulties. In 
solving liquid-vapor problems, we know that the activity coeffi- 
cients are not dependent on the change in the vapor phase com- 
ponent mole numbers, and similarly the fugacity coefficients are 
not dependent on the change in the liquid phase component mole 
numbers. Thus, the logarithmic values of these two nonideal 
thermodynamic properties form a set of completely separable 
element functions whose domains are also completely separable 
when the temperature dependence of these functions is ne- 
glected. Therefore, the secant condition can be specified for 
each symmetric partition of A independently, based on the itera- 
tive change of these element functions. 

To exploit this complete separability, we write the overall 
matrix A as, 

nP 

A = A m  + Anp+) (24) 
m-l 

where np is the total number of symmetric partitions in A. A,,, is 
a matrix whose only nonzero block is the mth symmetric parti- 
tion of A. The subscript np + 1 corresponds to the remaining 
nonsymmetric partition of A. In our application it contains the 
nonideal derivatives of the energy balance equations. Let fAm 

denote the function vector whose derivatives are the elements of 
the matrix A,. Then the secant condition for this matrix is given 
by* 

where s, is a step vector of the variables whose nonzero entries 
are the step sizes corresponding to the mth partition. The secant 
condition for AMP+, is specified according to Eq. 22. 

Although the nonzero block of A, is symmetric, it is symmet- 
ric with respect to the overall framework only when it is a diag- 
onal block. The n x n matrix A,,, with a nonzero diagonal block is 
updated by the PSB (Powell's symmetric Broyden) formula, 

where. 

The matrices with nonzero blocks that are not on the diagonal 
are handled very easily by proper permutation matrices. The 
nonsymmetric part of A is updated by the Broyden formula, 

where, 

The updated matrices 2,. m = 1, . . . , np + 1 are added together 
as in Eq. 23 to form the new matrix A. Computationally, updat- 
ing of element matrices and their addition to form the matrix 2 
can all be done in place, if the locations of the different parti- 
tions are properly identified. 

Null space corrections 
Updates that satisfy only the thermodynamic constraints are 

built in a manner very similar to the development of secant 
updates. Let z, denote the vector in the null space of z,,, whose 
nonzero elements are the component flow rates associated with 
the rnth symmetric partition in A. The n x n matrix A ,  with a 
nonzero symmetric block on the diagonal is updated by the fol- 
lowing form of the PSB formula: 

A, = A, -- {(A,z,)z~ + z,(A,z,)~I/(z~z,) 
+ ~(A,z,)Tz,}z,zb/(zfz,)2. (30) 

Again, permutation matrices and Eq. 30 are used to update 
matrices with nonzero blocks not on the diagonal. The nonzero 
row of has sections that have different null space condi- 
tions. The null space condition for each section is determined by 
the phase with which it is associated. This is clear from Eq. 16. 
The null space vector for the derivatives of H E  is different from 
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that for the derivatives of hE. Thus, each section is updated with 
a different null space vector. To do this, the nonsymmetric 
matrix A,+, is expressed as the following sum: 

n, 

= A;+, + A;:; (31) 
m'= I 

where m'denotes the section with a null space associated with it 
and n, denotes the total number of such sections. A;:', is the rest 
of Amp+l that is not included in the above sections. The update 
that satisfies the null space condition for any section is given by 
the Broyden ( 1  965) formula: 

The updated matrices are summed according to Eq. 23 to form 
A.  
- 

Method of iterated projections 
In the previous sections we developed quasi-Newton formulae 

that use cither the secant condition or the thermodynamic con- 
straints. Unfortunately, there is no way of finding a partition 
symmetric update analytically that satisfies the secant and the 
null space (thermodynamic) constraints simultaneously because 
of the symmetry associated with the partitions. Hence, in order 
to make use of both secant and thermodynamic constraints we 
used the method of iterated projections of Dennis and Schnabel 
(1979). The principle behind this approach is explained in Fig- 
ure 1. 

Here, M ,  is the set of partition-symmetric matrices that 
satisfy the secant condition and M ,  is the set of partition-sym- 
metric matrices that satisfy the thermodynamic constraints. Let 
A be the approximated part a t  the current iteration. To find the 
update for the next iteration we must proceed as follows: We 
first find a matrix A E M I  closest to A in the Frobenius norm; 
then we find the matrix A E M ,  nearest to A. That is, we use 
Eqs. 26 and 28 to estimate A from the current update A; then we 
use Eqs. 30 and 32 to evaluate Afrom A. This order of projection 
can also be changed. That is, we could project A on M 2  to find k 
and then project k on M I  to find 7. However, it is physically 
meaningful to terminate the projections on M2, since the ther- 

\ R' 

A 

Figure 1. Method of iterated projections. 

modynamic constraints should be satisfied at  every iteration. ( I n  
the following section on numerical results we compare both of 
these implementations to see whether this statement is indeed 
true.) Either of the above sequences of projections can be con- 
tinued further. However, we suggest that the successive projec- 
tions be terminated after projecting once on each of the mani- 
folds M I  and M,, regardless of the order of projections. This is 
because we have observed that the extent to which the update 
A E M I  (a partition-symmetric secant update) satisfies the 
constraints corresponding to the manifold M, (thermodynamic 
constraints) does not improve significantly on successive projec- 
tions. A similar observation was made for the update 

Dennis and Schnabel (1979) have shown that in  the case of 
two simple affine sets, if the projections are continued infinitcly 
a limit point is reached where the update lies a t  the intersection 
of the affine sets and thus satisfies the constraints corresponding 
to both sets simultaneously. In our case a limit point does exist, 
but the manifolds M I  and M2 do not intersect, due to the symme- 
try associated with the partitions. 

M,. 

Numerical Results 
We studied the numerical performance of various Newton- 

based fixed-point methods on a variety of single and two-stage 
problems. What we were looking for was good and consistent 
performance in solving different types of separation problems 
rather than the effectiveness in solving isolated cases. The fol- 
lowing were the features common to all problems solved. 

1. For each problem, the Jacobian was calculated by five dif- 
ferent methods. 

N-Newton's method with A calculated by finite differ- 
ence. 

HS-a partition-nonsymmetric secant formula (using 
Broyden update). 
HPS-a partition-symmetric secant formula (a member 

HPST-a sequence of projections, first on M ,  and then on 

HPTS-a sequence of projections, first on M 2  and then on 

In  building the secant updates, the secant condition was speci- 
fied partition-wise (even for the update HS). As a consequence 
of the order of projections used (A€ M,), the update HPST 
satisfies the thermodynamic constraints at every iteration. 
Hence, it is thermodynamically consistent. On the other hand, 
the update HPTS satisfies the secant condition a t  every itera- 
tion. 

2. The equilibrium pressure was assumed to be lo5 Pa in all 
the problems. In liquid-vapor problems, the feed was introduced 
a t  its bubble point a t  a pressure of 5 x lo5 Pa. 

3. The following ternary mixtures were used in the studies. 

11-acetic acid, vinyl acetate, and water (270.0 K) 

Hybrid method with A calculated by 

of M I ) .  

M2. 

MI. 

I-benzene, ethanol, and water (335.0 K )  

111-acetone, chloroform, and water (320.0 K)  
The temperatures in parentheses correspond to the stage tem- 
peratures used in single-stage liquid-liquid extraction calcula- 
tions. 

4. In our studies we included the nonidealities of both liquid 
and vapor phases. For estimating the physical properties of the 
systems, the UNIQUAC model was used for the liquid phase 
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and the B-truncated virial equation of state was used for the 
vapor phase (Prausnitz et al., 1980). 

5 .  The Jacobian was initialized by setting A’ = 0. That is, the 
first step taken was a partial Newton step. This initial step was 
preferred over the Newton step since it avoided several of the 
failures for all methods. 

6. At every iteration, the correction to the variable vector was 
a direct prediction step. This step could be modified using Pow- 
ell’s dogleg strategy or by a line-searching procedure. However, 
we have observed that this modification does not produce any 
advantage in numerical performance. 

7. Convergence was assumed when the Euclidean norm of 
the function vector fell below a value of 1 O-5. 

8. The maximum number of iterations allowed for conver- 
gence was 50. 

9. Resetting Strategy. During the course of the iteration, if 
any component flow became negative, it was reset to a small 
value ( and the step size for this component was reesti- 
mated. Sometimes all component flow rates in a stream became 
negative, thereby wiping out a phase. In such instances, we 
reevaluated the step vector by resetting A = 0. That is, we 
simply went back to the previous iteration and took a partial 
Newton step. This resetting was quite effective in avoiding sev- 
eral failures for all methods. 

In Table 1 we report the overall numerical performance of all 
methods in identical environments. N F  denotes the number of 
failures encountered. AI and NPP are, respectively, the average 
number of iterations and the average number of references to 
the physical property routines per problem (for the cases when a 
particular method worked). The references to the thermody- 
namics models include the calls made to the routines estimating 
activity and fugacity coefficients, and liquid and vapor enthal- 
pies. 

Before giving the details specific to different subproblems, we 
summarize the overall performance as follows: 

Reliability and Eficiency. We consider the numerical results 
shown in Table I to be very encouraging. The thermodynami- 
cally consistent update HPST gave good and consistent numer- 
ical performance on all problems. It proved to be the most reli- 
able of all of the methods and was also more efficient than all 
other quasi-Newton formulae. 

On all problems, Newton’s method converged in the least 
number of iterations. All the other hybrid methods required 
more iterations than Newton’s method. However, on several 
examples, during the early iterations, Newton’s method took the 
variables into physically unrealizable regions, which in turn 
resulted in failure. 

Eficiency Related to Thermodynamic Constraints. It can be 
observed that the update HPS took consistently more iterations 
to converge in comparison to either the nonsymmetric update 
HS or the thermodynamically consistent update HPST. This 
may be attributed to the observation that the error in satisfying 
the thermodynamic constraints is greater for the update HPS in 
comparison to the update HS. 

Order of Projections. The results reported show that the 
update HPST failed less often than the update HPTS. This sup- 
ports the preferred order of projections (i.e., the first projection 
on MI and then on M 2 ) .  

Use of Properties ofA. Table 1 shows that improvements in 
reliability are achieved by the inclusion of the partition-symmet- 
ric structure and the thermodynamic constraints successively. I n  

Table 1. Numerical Performance for Different 
Types of Problems 

Problem Type* 
a C b 

No. of Problems 
~ . .. ~~~~~ 

Method** 150 300 300 

N F  (AI, NPP)? N F  (Al. NPP) N F  (AI, NPP) 
N 15 (8.50.44.50) 36 (4.91,41.28) 6 (6.03, 112.54) 
HS 10(8.32,18.64) 30(7.79,17.58) O(9.28.41.12) 
HPS 5 (8.48, 18.96) 29 (8.51, 19.02) 0 (10.93, 47.72) 
HPST 3 (8.47, 18.94) 29 (7.31, 16.62) 0 (8.76, 39.04) 
HPTS S(8.11.18.22) 30(7.92, 17.84) 0(10.22,44.88) 

~ 

Problem Type 
d e f 

.- ~~~~ 

No. of Problems 
300 300 300 

NF (Al ,  NPP) N F  (AI, NPP) N F  (AI,  NPP) 
N 92 (8.39, 69.12) 52 (6.19, 103.04) 27 (8.99, 331.64) 
HS 45 (12.22.26.44) 26 (10.34.45.36) 17 (14.04, 120.32) 
HPS 20(13.25, 28.50) 24(10.82,47.28) 18 (15.28, 130.24) 
HPST 6(11.56.25.12) 15 (10.08,44.32) 14(12.50, 108.00) 
HPTS 17 (12.13, 26.26) 29 (10.34, 45.36) 18 (14.23, 121.84) 

Overall Comparison 

No. of Problems 

1,650 

NF (AI, NPP) 
N 228 (7.00, 126.91) 13.82 
HS 128 (10.49,47.91) 7.76 
H PS 96 (12.32, 51.46) 5.81 
H PST 67 (9.92,44.16) 4.06 
H PTS 102 (10.73.48.42) 6.18 

Failures 
Percent 

.. ~ 

* Problem type: 
a Dew Paint calculations 
b Single-stage T P  flash 
c Single-stage QP flash 
d Single-stage liquid-liquid extraction 
e Two-stage TP flash 
f Two-stage QP flash 

t N F  No. of failures 
** Defined in text. 

A1 Avg. no. of iterations 
NPP Avg. no. of references to physical property routines per problem 

going from the nonsymmetric update HS to the thermodynami- 
cally constrained update HPST, the number of failures was 
reduced by about 50%. This supports the conjecture that each 
piece of information about the approximated part is, in general, 
useful in improving the performance of the hybrid approach. 

Effect of Nonideality and Complexity of Problems on Nu- 
merical Performance. The advantages of using the thermody- 
namically consistent update HPST are more noticeable when 
the problems are more nonideal (e.g., liquid-liquid extraction) 
and/or the model equations are more complex (e.g., two-stage 
flash problems). Hence, we are encouraged to further apply the 
thermodynamically consistent hybrid method to multiphase and 
multistage calculations. 

The following sections explain briefly the specific details asso- 
ciated with each subproblem. 

Dew point calculations 
For each heterogeneous ternary mixture, the dew point tcm- 

perature and the incipient liquid phase composition were esti- 
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mated at  50 different random vapor compositions. Care was 
exercised to avoid regions where the model equations exhibit 
multiplicity in solution (Van Dongen et al., 1983; Kingsley and 
Lucia, 1985). At the start of the iterations, the dew point tem- 
perature was assumed to be 350.0 K and the incipient liquid 
composition was set equal to the vapor composition. 

The failures reported were due to the temperature getting into 
unrealistic regions during the course of iteration. We looked for 
a direct correlation between the material stability of the liquid 
mixture a t  the starting point and the failures encountered, but 
we were unable to find one. However, we do know that the com- 
position iterates wander into materially unstable regions and 
believe that this may be the cause for the radical jumps in tem- 
perature. This belief is partially supported by the observation 
that dew point problems involving homogeneous mixtures can be 
solved without failure by any Newton-based fixed point meth- 
od. 

Single-stage TPJlash 
Fifty different random equilibrium points were generated for 

each heterogeneous system. Only the problems that resulted in 
true liquid-vapor solutions were selected (i.e., the liquid-vapor 
solutions that correspond to global minimum of total Gibbs free 
energy). This selection was performed with the aid of the algo- 
rithm proposed by Kingsley and Lucia (1985) for single-stage 
TP flash problems. 

Two different initializations for the component flow rates 
were used for each feed composition. For one initialization, the 
composition of the liquid leaving the flash drum was assumed to 
be equal to the incipient liquid phase composition at  the dew 
point of the feed (at the flash pressure). A random vaporization 
ratio was also chosen. These estimates and a simple material 
balance completed the initialization. The second initialization 
was performed based on the incipient vapor composition at  the 
bubble point of the feed. 

Most of the failures reported for these problems were com- 
mon to all methods. These failures were due to the initial partial 
Newton step taking the variable vector out of the two-phase 
region where the usual resetting procedure was of no help. 

Single-stage QPJlash 
The set of equilibrium points described in the previous section 

was solved as Q P  flash problems. For this, the heat duty to the 
flash drum for each problem was back-calculated from the solu- 

tion to the corresponding TP flash problem. This way, the equi- 
librium solution was easily checked. 

Again, the incipient vapor/liquid composition at  the bubble/ 
dew point of feed (at the flash pressure) was used for the initiali- 
zation. An arbitrary temperature between the bubble and dew 
points was assumed to be the flash temperature. 

Failures were found to be rare in solving single-stage QP flash 
problems. The few failures that did occur were due to oscilla- 
tions in the variable vector, which resulted in the failure of New- 
ton’s method to reach the convergence tolerance within the iter- 
ation limit. 

Single-stage liquid-liquid extraction 
For these problems, 50 different random compositions of the 

effective feed (feed plus extraction solvent) were generated for 
each system. Care was exercised to ensure that all these compo- 
sitions laid under the binodal curve for each system at the corre- 
sponding equilibrium temperature and pressure. 

Two different initializations were used for each effective feed. 
For each initialization, two (random) rich phases, each rich in 
one of the two components of the immiscible pair, were assumed. 
The third component was randomly distributed between these 
two phases. 

Newton’s method performed poorly on these highly nonideal 
problems. It failed on approximately one-third of the problems. 
We attribute this to the highly nonlinear nature of the composi- 
tion derivatives of the excess Gibbs free energy. It is well known 
that these derivatives exhibit a change in curvature in heteroge- 
neous liquid mixtures. With this in mind, we again looked for 
correlation between the material stability of liquid mixtures and 
failure to find an equilibrium point. First, we observed that even 
if the initialization gave rise to materially stable liquid phases, 
these phases did not necessarily remain stable throughout the 
course of iteration. The iterates often wandered into materially 
unstable regions. Furthermore, starting with stable liquid 
phases did not necessarily reduce the number of failures. 

During the course of the iterative solution procedure, the step 
vector corresponding to any one of the two phases (the step sizes 
are equal and opposite for the two phases) may align with the 
eigenvector associated with the smallest eigenvalue of the sum 
of the total Gibbs Hessian matrices of the two phases. This 
alignment sometimes results in the prediction of very large steps 
that often wipe out one of the two phases. A succession of such 
bad steps leads to the failure of the method. For Newton’s meth- 

Table 2. Alignment of Step Vector with Eigenvector for Newton’s Method 

Flow Rate Flow Rate Eigenvector Newton* Normalized 
Phase 1 Phase 2 for smallest Step Normalized Partial 

Eigenvalues Eigenvalue Phase 2 Newton Step Newton Step 
~- ~- 

Component krnol/s kmol/s [V’(nC)’ + V 2 ( n C ) ” ] / R T  

Case 1: compositions of phases near spinodal curve; phases 1 and 2 are stable 
Ethanol 12.965 20.263 0.04535 -0.06521 -0.05882 0.00354 0.8585 31.780 0.8560 0.8753 
Benzcnc 14.781 1.593 --0,06521 0.45922 0.02430 0.12794 0.0960 5.198 0.1400 0.4787 

4.91 5 45.483 -0.05882 0.02430 0.09913 0.47221 0.5038 18.470 0.4975 - 0.0678 Water - __ 
Case 2: Compositions of phases away from spinodal curve; phase 1 is unstable, phase 2 is stable 

Ethanol 22.343 10.885 0.05348 -0.10998 -0.02392 -0.00071 0.4998 143.762 0.51 I9 0.2924 
Benzene 15.190 1.184 -0.10998 0.55681 0.02602 0.04096 0.0583 18.023 0.0642 0.0990 
Water 19.430 30.968 -0.02392 0.02602 0.01 137 0.58141 0.8642 240.562 0.8566 0.951 I 

*Step vector for phase 1 is equal to and opposite that for phase 2. 
Temp., 335.0 K; pressure, lo5 Pa. 
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od, these alignments of vectors occur under the following cir- 
cumstances: (i) when the compositions of the two phases fall 
near the spinodal curve (here the stability of the individual 
phases does not matter), or (ii) when the compositions of the two 
phases are away from the spinodal curve with one phase being 
stable while the other phase is unstable. In the first case, the 
alignment always leads to very large step sizes irrespective of the 
sign of the eigenvalue. The latter results in large steps only when 
the smallest eigenvalue is negative. Also, the smaller the eigen- 
value, the more pronounced is the alignment. To combat these 
difficulties we use a partial Newton step. The partial Newton 
step is usually small and avoids any alignment completely. Table 
2 illustrates these difficulties and the effectiveness of our reset- 
ting strategy for the two different cases of alignment described 
above. These alignments occurred during the course of the itera- 
tive solution procedure when the same equilibrium point was 
solved using two different initializations. It can be seen that nor- 
malized Newton correction is nearly equal to the appropriate 
eigenvector, whereas the normalized partial Newton correction 
is quite different. 

To illustrate the superiority of the thermodynamically consis- 
tent update HPST over Newton’s method, we present the itera- 
tion history of these two methods in Figures 2 and 3 for a partic- 
ular example of system 1. The (effective) component feed rates 
and the initialization for the two phases are given in Table 3. 
The binary interaction parameters were taken from Prausnitz 
et al. (1980). For this example, the calculations were started 
with the same stable liquid phases for each of the methods com- 
pared. On subsequent iterations, one of the phases wandered 
into a materially unstable region. Newton’s method wiped out 
the unstable liquid phase a t  every step upon entry into this mate- 
rially unstable region. The resetting strategy helped to avoid 
early failure by replacing these wild steps with partial Newton 
steps. Hence, initially the progress was made only with the help 
of partial Newton steps. However, in the long run failure 
became unavoidable when the Newton step selectively wiped out 
two of the three components in the unstable phase. If partial 
Newton steps were used throughout the solution procedure, con- 

ethanol 

_ _ _  partial Newton steps 

benzene water 

Figure 2. Iteration history for Newton’s method. 
System: ethanol-benzene-water; 335.0 K, lo5 Pa. 

ethanol 

water 

Figure 3. Iteration history for the thermodynamically 
consistent update, HPST. 
System: ethanol-benzene-water; 335.0 K ,  10’ Pa. 

vergence would have been achieved in 95 iterations. The ther- 
modynamically consistent update HPST was unaffected by this 
migration across the spinodal curve and easily converged to the 
solution in 13 iterations. 

Two-stage TPJiash 
This two-stage liquid-vapor problem is essentially a small dis- 

tillation unit consisting of a reboiler and a partial condenser. 
The partial condenser is the first stage and the reboiler is the 
second stage. The feed is introduced into the reboiler. The vapor 
and liquid products are withdrawn from the first and second 
stages, respectively. 

Fifty different random equilibrium points were generated for 
each system. Again, only the equilibrium points that resulted in 
true liquid-vapor solutions at  each stage were selected. Two dif- 
ferent initializations were used for each feed mixture. For one 
initialization the lightest component was chosen as the reference 
component. The split for this component was arbitrarily select- 
ed, with a considerable percentage going in the distillate. The 
splits for the other components were fixed using Fenske’s equa- 
tion. The total flow rates of all streams were initiated using 
Underwood’s correlation. The composition of the liquid recycled 
to the second stage was assumed to be equal to the composition 
of the liquid stream leaving the second stage. Finally, a simple 
material balance fixed the values of all remaining unknown vari- 

Table 3. Initialization for Single-stage 
Liquid-liquid Extraction Problem 

Flow Rate, kmol/s 

Effective Phase Phase 
-~ .- _ _ _ ~  

~- Component Feed 1 2 

Ethanol 33.228 14.198 19.030 
Benzene 16.374 15.787 0.587 
Water 50.398 4.392 46.006 

Temperature, 335.0 K; pressure, lo’ Pa. 
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ables. A similar initialization was performed using the heaviest 
component as the reference component. 

There were two major causes that led to failures in these prob- 
lems. One cause was the oscillation of the variables and hence 
failure to reach convergence tolerance within the iteration limit. 
The second kind of failure was due to wiping out a phase during 
the iterative solution procedure, for which the usual resetting 
procedure was of no help. 

Preliminary experiments done with this alternate implemen- 
tation show that the temperature derivatives of In y and In I$ can 
be updated to the right order of magnitude. Work is continuing 
toward determining whether it is better to use the null space 
condition of the molar excess enthalpies and forget about the 
temperature derivatives of In y and In 6, or to use the Gibbs- 
Helmholtz equation. 

Two - stage QP flash 
The set of equilibrium points described in the previous section 

was solved as two-stage QP flash problems. For this, the heat 
duties for the drums for each problem were back-calculated 
from the solution to the corresponding two-stage TP flash prob- 
lem. The same procedure described in the previous section was 
used to initialize the component Row rates. The equilibrium 
temperature in the second stage was arbitrarily assumed to be 
between the bubble point and the dew point of the feed mixture 
(at the flash pressure). The equilibrium temperature in the first 
stage was set randomly between the second stage temperature 
and the bubble point of the feed. The nature of failures encoun- 
tered here was the same as described in the previous section. 

Exploiting the Gibbs-Helmholtz Equation 
The use of thermodynamic constraints to build quasi-Newton 

matrix approximations is not limited to the Gibbs-Duhem equa- 
tion. For example, up to this point, we have omitted the temper- 
ature derivatives of In y and In 4 in A when the equilibrium tem- 
perature was one of the unknown variables (see the last column 
of A in Eq. 16). This was done to avoid the numerical difficulties 
caused by the differences in scale between the temperature and 
composition derivatives of the equilibrium equation (Miller and 
Lucia, 1985). However, these temperature derivatives can be 
introduced in A without scaling problems by exploiting the 
Gibbs-Helmholtz equation, which is given by 
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Notation 
A_= part/whole of the approximated part of the Jacobian 
A = updated approximated part of the Jacobian 

C, C,, C, = computed parts of the Jacobian 
f =  function vector 
f = component feed flow rate c- molar Gibbs free energy 
G = partial molar Gibbs free energy 
H_= molar enthalpy of liquid mixture 
H = partial molar liquid enthalpy 
h= molar enthalpy of vapor mixture 
h = partial molar vapor enthalpy 
J = Jacobian matrix 
K = equilibrium ratio 

I = component liquid flow rate 
M = matrix with special properties 
n = dimension of the domain/range of a matrix 
n, = total number of components 
np = total number of symmetric partitions 
n, = total number of sections of the row in the approximated part 

corresponding to the energy balance equation that have null 
spaces associated with them 

P = pressure 
Q = heat duty 
r = error in the secant condition 
s = step vector of the variables 
T = temperature 
u = component vapor flow rate 
x = variable vector 

and 

y = iterative change in the function vector 
z = the null space vector 
y = activity coefficient 
@ = fugacity coefficient 

(a In di /aT)  = ~ ( @ / R T ~ ) ,  i = 1,2, . . . , n, (34) 
Subscripts 

The temperature derivatives of In y and In 4 are updated A = corresponding to A 
A, = corresponding to A, 
i, j = component indices in a phase 
m = index for a symmetric partition of the approximated part 
m’ = index for a section with a null space condition in  the non- 

np+ 1 = index for the nonsymmetric partition of the approximated 

using the linear constraint given by, 

symmetric partition of the approximated part 

part or 

(35)  

Superscripts 
E = excess part (36) 
I = ideal Dart \ .  I 

/ = corresponding to phase I 
/ I  = corresponding to phase 2 
k = iteration counter 

in  conjunction with the Gibbs-Helmholtz equation, provided the 
partial derivatives of the energy balance equation are expressed 
as Dartial molar enthabies (both ideal and excess Darts\. Note m’ = index for a section with a null space condition in the non- 

1 .  L I  

that satisfying the special form of the Gibbs-Duhem equation 
and the Gibbs-Helmholtz equation for each elemental matrix is 
equivalent to satisfying the isobaric form of the Gibbs-Duhem 

symmetric partition of the approximated part 
n,+ 1 = index for the portion not included in the sections wi th  null 

space conditions in the nonsymmetric partition of the 
approximated part 

equation. T = transpose 
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